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Abstract
By processing the problem through ﬁxed point theory and propagator theory, we
investigate the periodicity of solutions to a class of impulsive evolution equations in
Hilbert spaces and establish some existence theorems for periodic solutions.
Moreover, the asymptotic stability of periodic solutions is obtained under suitable
conditions. As one will see, the concept of an impulsive propagator is introduced for
the ﬁrst time in the paper.
MSC: 47D06; 47H10; 34G10; 34G20; 35Q99; 35K90; 35B40
Keywords: ﬁxed point theorem; periodic solution; propagator; impulsive evolution
equation; asymptotic stability; analytic semigroup
1 Introduction
It is well known that ﬁxed point theorems play key roles in obtaining the existence of
solutions, positive solution, periodic solutions, and almost periodic solutions to various
equations or systems. There are many research publications in this area; for example, see
[–] and the references therein for interesting results on this issue.
In this paper, by using the ﬁxed point theory and propagator theory, we study the exis-
tence and asymptotic stability of periodic solutions for the following impulsive evolution




x′(t) +Ax(t) = f (t,x(t)), t ∈R+, t = tk ,
x|t=tk = yk – akx(tk), k = , , . . . ,
(.)
where A :D(A)⊂H →H is a unbounded closed linear operator, f (t,u) :R+ ×H →H is a
nonlinear mapping and it is T-periodic in t,  < t < t < · · · < tm < T ,
tm+k = tk + T , k ≥ ,
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u(t+k ) and u(t–k ) represent the right and left limits of u(t) at t = tk , respectively, ak ∈ R,
yk ∈H (k = , , . . .) satisfy
ak+m = ak , yk+m = yk .
In the last few decades, the theory of impulsive diﬀerential equations has been largely
developed. For the earlier results, we refer the reader to the monographs of Lakshmikan-
tham et al. [] and Benchohra et al. [], the papers of Ahmed [–] and Liu [], and
the references cited therein. For the recent results, we refer the reader to, e.g., [, , , ,
, ] and the references therein.
On the other hand, the existence of periodic solutions or almost periodic solutions of
evolution equations has been investigated by many authors (cf., e.g., [, , , –, ,
, –, ]). One can see that all these studies are based on the ﬁxed point theory.
For example, in [, ], under the spectral separation condition of selfadjoint operators,
Li obtained some existence and uniqueness results for periodic solutions to semilinear
evolution equations in Hilbert spaces by using ﬁxed point theorems. Moreover, we can
ﬁnd useful information on the study of almost periodicity of evolution equations with the
help of ﬁxed point theory from Cuevas et al. [, ], Diagana [–], Mophou [] and
references cited there.
Although there have beenmany papers on periodic solutions of periodic system in ﬁnite
or inﬁnite dimensional spaces, to our knowledge,impulsive periodic systems in inﬁnite
dimensional spaces (with unbounded operators) have been seldom investigated. Recently,
Liang et al. (see []) studied a class of semilinear impulsive evolution equations with delay
in Banach spaces. They proved the existence of T-periodic solutions by using Horn’s ﬁxed
point theorem.
In this paper, we will use a diﬀerent method, which is based on ﬁxed point theorems
and evolution operators, to study T-periodic solutions of (.). First of all, we introduce
a new concept of impulsive propagator, corresponding to the linear impulsive evolution
equation, and then we introduce a suitable T-periodic solution operator of (.). Second,
we overcome some diﬃculties to show the existence and uniqueness of periodic solutions
to (.) by using Schauder’s ﬁxed point theorem. Finally, we present the global asymptotic
stability result for (.). Particularly, our discussion is made in a framework of Hilbert
spaces, which enables us to obtain the existence theorems for strong T-periodic solutions
of (.).
The rest of this paper is organized as follows. In Section , we introduce the impulsive
propagator and then prove the existence of T-periodic solutions for the linear impulsive
evolution equations. In Section , the existence and asymptotic stability theorems for T-
periodic solutions to (.) are obtained. An example is given in Section  to illustrate the
applicability of our results.
2 Impulsive propagator and linear impulsive periodic systems
Let (H , (·, ·)) be a Hilbert space, A :D(A)⊂H →H be a positive deﬁnite selfadjoint oper-
ator and the embedding D(A) ↪→ H be compact. Then the spectrum of A consists of real
eigenvalues μi (i = , , . . .), and
μ < μ < · · · < μn < · · · .
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By the positive deﬁnite property of A, the ﬁrst eigenvalue μ > . It is known from [, ]





∥ ≤ e–μt , t ≥ .



















Particularly, we write H =H and H =D(A).




x′(t) +Ax(t) = h(t), t ≥ ,
x() = x.
(.)
When x ∈ D(A) and h ∈ C([,∞),H), the linear Cauchy problem (.) has a classical
solution x ∈ C([,∞),H)∩C([,∞),H) expressed by
x(t) = S(t)x +
∫ t

S(t – s)h(s)ds. (.)
When x ∈ H and h ∈ Lloc([,∞),H), the function x ∈ C([,∞),H) given by (.) is a
mild solution of the linear Cauchy problem (.). If the function x ∈ W ,loc([,∞),H) ∩
Lloc([,∞),H), then it is a strong solution of the linear Cauchy problem (.) (cf., e.g., [,
]).





:= {x : [,T]→H ;x is continuous at t ∈ [,T] \ D˜,







:= {x :R+ →H ;x is continuous at t ∈R+ \ {t, t, . . . , tk , . . .},
x is continuous from left and has right hand limits at tk ,
k = , , . . . ,x(t + T) = x(t) for t ∈R+}.
Liang et al. Fixed Point Theory and Applications  (2015) 2015:230 Page 4 of 16
















Then PC([,T],H) (or PCT (R+,H)) is a Banach space endowed with the norm ‖ · ‖PC.
Deﬁnition . Let V (·, ·) : →Lb(H) be denoted by
V (t, θ ) =
∏
θ<tk<t
( – ak)S(t – θ ), (.)
where := {(t, θ )|≤ θ ≤ t <∞}. Then {V (t, θ )|(t, θ ) ∈ } is called an impulse propagator
associated with {ak , tk}∞k=.
Lemma . Impulsive propagator {V (t, θ )|(t, θ ) ∈ } has the following properties:
() For ≤ θ ≤ t ≤ T , V (t, θ ) ∈Lb(H), i.e.,
∥





| – ak|e–μ(t–θ ).
Particularly, if  < ak < , k = , , . . . ,m, then
∥
∥V (t, θ )
∥
∥ < e–μ(t–θ ) ≤ .
() For ≤ θ < r < t <∞, r = tk , k = , , . . . ,m,
V (t, θ ) = V (t, r) ·V (r, θ ).
() For ≤ θ ≤ t <∞ and N ∈ Z+ ,
(i) V (t +NT , θ +NT) = V (t, θ );
(ii) V (t +NT , θ ) = V (t, θ )[V (T , )]N ;
(iii) V (t + T , θ ) = V (t, )V (T , θ ).
() If S(t) (t ≥ ) is a compact semigroup in H , then V (t, θ ) is a compact operator for
≤ θ < t ≤ T .
Proof By (.), we see easily that (), (), and () hold. Now, we prove that () also holds.
For any ≤ θ ≤ t <∞ and N ∈ Z+, by (.), we have
V (t +NT , θ +NT) =
∏
θ+NT<tk<t+NT




( – ak)S(t – θ )
= V (t, θ )
Liang et al. Fixed Point Theory and Applications  (2015) 2015:230 Page 5 of 16
and
V (t +NT , θ ) =
∏
θ<tk<t+NT







( – ak)S(t – θ )S(NT)




= V (t, θ )
[
V (T , )
]N .
It implies that (i) and (ii) hold. Moreover,
V (t + T , θ ) =
∏
θ<tk<t+T







( – ak)S(t)S(T – θ )




= V (t, )V (T , θ ).
This implies that (iii) holds. By (ii) and (iii), we also get
V (t + T , θ ) = V (t, θ )V (T , ) = V (t, )V (T , θ ).
This completes the proof of Lemma .. 
Let h ∈ PCT (R+,H), ak ∈ R, and yk ∈ H , k = , , . . . . We look at the existence of T-




x′(t) +Ax(t) = h(t), t ∈R+, t = tk ,
x|t=tk = yk – akx(tk), k = , , . . . .
(.)
For (.), we have the following result.
Lemma . Let A :D(A)⊂H →H be a positive deﬁnite selfadjoint operator in H and the
embedding D(A) ↪→ H be compact. If h ∈ PCT (R+,H), ak ∈ R, and yk ∈ H  , k = , , . . . ,
then the linear impulsive evolution equation (.) has a unique T-periodic mild solution
x := Ah ∈ PCT (R+,H) provided that  < ak < , k = , , . . . ,m, and x ∈ W ,([,T],H) ∩
L([,T],H) is a strong solution. Moreover, A : PCT (R+,H) → PCT (R+,H) is a compact
operator.
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x′(t) +Ax(t) = h(t), t ∈ [,T], t = tk ,
x|t=tk = yk – akx(tk), k = , , . . . ,m,
x() = x.
(.)
Let t = , tm+ = T , a = , and y = . Then, for any t ∈ (tk , tk+], k = , , , . . . ,m, the




x′(t) +Ax(t) = h(t), t ∈ (tk , tk+],
x(t+k ) = ( – ak)x(tk) + yk .
(.)
It follows from [, ] that the problem (.) has a unique mild solution expressed by
x(t) = S(t – tk)
[





S(t – s)h(s)ds, t ∈ (tk , tk+].
Iterating successively in the equality above with x(tn), n = k,k – , . . . , , , , we infer that
x(t) = V (t, )x +
∫ t








yk , t ∈ [,T]. (.)
In view of the maximal regularity of linear evolution equations with positive deﬁnite op-
erators in Hilbert spaces ([], Chapter II, Theorem .), we see that for x ∈H  , the mild
solution of the linear Cauchy problem (.) satisﬁes





where a >  is a ﬁxed constant. Since yk ∈ H  , k = , , . . . ,m, we deduce by using (.)
interval by interval from [, t] to (tm,T] that
x ∈W ,([,T],H) ∩ L([,T],H




where x is the mild solution of the Cauchy problem (.).
On the other hand, if x ∈ PCT (R+,H) is aT-periodicmild solution of the linear impulsive
evolution equation (.), then x is a mild solution of the Cauchy problem (.), which
satisﬁes






ln( – ak) < μ.
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Therefore, I –V (T , ) has a bounded inverse operator (I –V (T , ))–. Hence, for
x =
(














the Cauchy problem (.) has a unique mild solution x given by (.) with
x(T) = x() = x.
Moreover, for any t ≥ , we have
x(t) = V (t, )x() +
∫ t









= V (t, )x(T) +
∫ t









= V (t, )
[
V (T , )x() +
∫ T





















= V (t, )V (T , )x() +V (t, )
∫ T

V (T , θ )h(θ )dθ +
∫ t+T
T













t + T , t+k
)
yk
= V (t + T , )x() +
∫ t+T






t + T , t+k
)
yk
= x(t + T).
This implies that the T-periodic extension of x on R+ is the unique T-periodic mild
solution of the linear impulsive evolution equation (.). Moreover, we can see that
x ∈ W ,([,T],H) ∩ L([,T],H) is a strong T-periodic solution of the linear impulsive
evolution equation (.) and
x(t) = V (t, )
(
























:= (Ah)(t), t ∈ [,T].
Let
≤ σ <  , λ ∈
(
,  – σ
)
.
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Then the solution operator
A : PC([,T],H) → PCλ([,T],Hσ
)
is a continuous linear operator by [], Lemma . and Corollary .. Thus, Aszela-Ascoli’s






is compact. Thus,A : PCT (R+,H)→ PCT (R+,H) is a compact linear operator. 
3 Main results





x′(t) +Ax(t) = f (t,x(t)), t ≥ , t = tk ,
x|t=tk = yk – akx(tk), k = , , . . . ,
x() = x ∈H .
(.)
For the Cauchy problem (.), we have the following uniqueness theorem.
Theorem . Let –A be the inﬁnitesimal generator of a C-semigroup S(t) (t ≥ ).Assume
that
(H) There exists a constant C >  such that
∥
∥f (t,u) – f (t, v)
∥
∥ ≤ C‖u – v‖, t ≥ ,u, v ∈H .








x(t) = V (t, )x +
∫ t












yk , t ≥ .




x′(t) +Ax(t) = f (t,x(t)), t ∈ [, t],
x() = x.
(.)
By [], Chapter , Theorem ., the Cauchy problem (.) has a unique global mild solu-
tion x ∈ C([, t],H), and







ds, t ∈ [, t]. (.)
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x′(t) +Ax(t) = f (t,x(t)), t ∈ (t, t],
x(t+ ) = ( – a)x(t) + y.
(.)
By (.), the Cauchy problem (.) has a unique mild solution
x(t) = S(t – t)
[










= ( – a)S(t)x +
∫ t













ds + S(t – t)y.
Doing this interval by interval, we obtain
x(t) = V (t, )x +
∫ t












yk , t ≥ .








and it is a strong solution of the Cauchy problem (.). 
Now, we can consider the existence, uniqueness, and asymptotic stability of T-periodic




x′(t) +Ax(t) = f (t,x(t)), t ∈R+, t = tk ,
x|t=tk = yk – akx(tk), k = , , . . . ,
(.)
where f :R+ ×H →H is continuous and f (t,x) is T-periodic in t.
For the impulsive evolution equation (.), we have the following theorem.
Theorem . Let A : D(A) ⊂ H → H be a positive deﬁnite selfadjoint operator in H and
the embedding D(A) ↪→H be compact. Assume that




∥ ≤M‖u‖ +M, t ∈R+.
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Then G : PCT (R+,H)→ PCT (R+,H) is continuous and maps bounded sets in PCT (R+,H)










is a compact operator, we see that the operator









is completely continuous. It is clear that T-periodic mild solutions of the impulsive evo-
lution equation (.) are equivalent to ﬁxed points of operator 	.
Choose













: ‖x‖PC ≤ r
}
.
















































































































 – e–μT .
This means that ‖	x‖PC ≤ r. So,	(Br)⊂ Br is completely continuous. By Schauder’s ﬁxed
point theorem, we know that 	 has at least one ﬁxed point xˆ in Br . Therefore, xˆ is a
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is also a strong T-periodic solution of the impulsive evolution equation (.). 
For the impulsive evolution equation (.), we also have the following uniqueness and
asymptotic stability theorem.
Theorem . Let A : D(A) ⊂ H → H be a positive deﬁnite selfadjoint operator in H and
the embedding D(A) ↪→H is compact. Assume that
(H) There exists a constant  <M < μ such that
∥
∥f (t,u) – f (t, v)
∥
∥ ≤M‖u – v‖, t ∈R+,u, v ∈H .
Then the impulsive evolution equation (.) has a unique strong T-periodic solution which
belongs to W ,loc (R+,H)∩ Lloc(R+,H) and it is globally asymptotically stable.
Proof Since the condition (H) ⇒ (H) holds, by Theorem ., the impulsive evolution
equation (.) has at least one strong T-periodic solution which belongs toW ,loc (R+,H)∩
Lloc(R+,H). Let x, x be strong T-periodic solutions of the impulsive evolution equation
















































































‖x – x‖PC ≤
[Me–μt
μ








Hence x ≡ x. Thus, the impulsive evolution equation (.) has a unique strong T-
periodic solution.
Let xˆ ∈ PCT (R+,H) be the unique strong T-periodic solution of the impulsive evolution
equation (.). By Theorem ., for any x ∈ H , the Cauchy problem (.) has a unique
strong solution






























∥ds, t ≥ .















∥ ≤ ∥∥x() – xˆ()∥∥e–(μ–M)t →  (t → ∞).
Therefore, the strong T-periodic solution xˆ of the impulsive evolution equation (.) is
globally asymptotically stable and it exponentially attracts every solution of the corre-
sponding Cauchy problem. 
4 Impulsive problem for a class of parabolic equations












∂zj ) – τ(z)x(z, t) + f (z, t,x(z, t)),
z ∈ , t ∈R+ \ { kπ ;k = , , . . .},
x(z, tk) = yk – akx(z, tk), z ∈ , tk = kπ ,k = , , . . . ,
x(z, t)|z∈∂ = ,
(.)
where  ⊂ RN is a bounded domain, whose boundary ∂ is suﬃciently smooth, f :  ×
R
+ ×R→R is continuous and is π-periodic in the second variable.
We assume that the following conditions are satisﬁed.
(A) τij ∈ C+ν() (i, j = , , . . . ,N ), [τij(z)]N×N is a positive deﬁnite symmetric matrix for
z ∈  and there exists a constant γ >  such that
N∑
i,j=
τij(z)ζiζj ≥ γ |ζ |, ∀ζ = (ζ, ζ, . . . , ζN ) ∈RN , z ∈ .
(A) τ ∈ Cν() for some ν ∈ (, ), τ(z)≥  on .
Furthermore, there exists a function p : [,∞) → [,∞) such that f :  ×R+ ×R → R
satisﬁes
∣
∣f (z, t, ξ ) – f
(
z′, t′, ξ ′
)∣
∣ ≤ p(η)(∣∣z – z′∣∣ν + ∣∣t – t′∣∣ ν + ∣∣ξ – ξ ′∣∣),
for any η >  and (z, t, ξ ), (z′, t′, ξ ′) ∈ ×R+×B(R; ,η), whereB(R; ,η) = {ξ ∈R : |ξ | ≤ η}.
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– τ(z)x, D(A) :=H()∩H(). (.)
Then A is a positive deﬁnite selfadjoint operator inH andD(A  ) =H(). So, A generates
a compact analytic semigroup S(t) (t ≥ ) in H which is exponentially stable. Let
ak :=
k
 , k = , , , 
with ak+ := ak and yk ∈H() with yk+ := yk . It is obvious that
tk+ = tk + π .











under the Dirichlet boundary condition x|∂ = . Then μ > . Under the above assump-
tions, we have the following existence theorem.
Theorem . Assume that
(F) There exist two constantsM ∈ (,μ) andM >  such that
∣
∣f (z, t, ξ )
∣
∣ ≤M|ξ | +M, z ∈ , t ∈R+, ξ ∈R.
Then the impulsive boundary value problem (.) has a time π -periodic solution x ∈
C+ν,+ ν ( ×R+).
Proof Deﬁne
x(·)(z) := x(z, ·),
f
(·,x(·))(z) := f (z, ·,x(z, ·)).
Then the impulsive boundary value problem (.) can be rewritten in the form of (.). By
















By the regularization method in [], Lemma ., we can prove that x ∈ C+ν,+ ν ( ×R+)
is a classical time π-periodic solution of the boundary value problem (.). 
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Theorem . Assume that
(F) There exists a constantM ∈ (,μ) such that
∣
∣f (z, t, ξ) – f (z, t, ξ)
∣
∣ ≤M|ξ – ξ|, z ∈ , t ∈R+, ξ, ξ ∈R.
Then the boundary value problem (.) has a unique time π -periodic solution x ∈
C+ν,+ ν ( ×R+), which exponentially attracts every solution of the boundary value prob-
lem (.) with initial value condition x(z, ) = x(z) in L().
Proof Clearly, the condition (F) implies the conditions (H) and (H) hold. By Theo-
rem ., the boundary value problem (.) has a unique solution x(z, t;x) ∈ C+ν,+ ν ( ×
(,∞)), which satisﬁes the initial value condition x(z, ) = x(z). By Theorem ., the
boundary value problem (.) has a unique time π-periodic solution x˜ ∈ PCπ ((,∞),
L())∩C+ν,+ ν ( ×R+), which exponentially attracts x(z, t;x) in L(). 
5 Applications
















z ∈ , t ∈R+ \ { kπ ;k = , , . . .},
x(z, tk) = yk – akx(z, tk), z ∈ , tk = kπ ,k = , , . . . ,
x(z, t)|z∈∂ = ,
(.)
where  ⊂RN is a bounded domain whose boundary ∂ is suﬃciently smooth,
ak :=
k
 , k = , , , 





∂zj ) – τ(z) under the Dirichlet boundary condition x|∂ = .





:= μ sin t
|x(z, t)|


































































≤ μ ‖x‖ + .
It implies that the conditions (F) and (H) hold. Hence the impulsive boundary value
problem (.) can be rewritten into the abstract form (.). Thus, by Theorem ., the
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By the same argument as in the proof of Theorem ., we see that x ∈ C+ν,+ ν ( ×R+) is
a classical time π-periodic solution of the boundary value problem (.).














z ∈ , t ∈R+ \ { kπ ;k = , , . . .},
x(z, tk) = yk – akx(z, tk), z ∈ , tk = kπ ,k = , , . . . ,
x(z, t)|z∈∂ = ,
(.)
where , ak , yk are the same as in (.), and μ is a constant as in (.).





:= μ sin tez
|x(z, t)|



















 + |x(z, t)| –
|x(z, t)|










































≤ μ ‖x – x‖.
It implies that the conditions (F), (H), and (H) hold. Therefore, by Theorem ., the
problem (.) has a unique solution x(z, t;x) ∈ C+ν,+ ν ( × (,∞)), which satisﬁes the
initial value condition x(z, ) = x(z). Moreover, by Theorems . and ., the problem
(.) has a unique time π-periodic solution
x˜ ∈ PCπ
(
(,∞),L()) ∩C+ν,+ ν ( ×R+),
which exponentially attracts x(z, t;x) in L().
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